INTRODUCTION
THE OBJECT of this paper is to explain the essential part of the results obtained in the research I have carried on at various times in the past twenty years2 on the theory of a capitalistic optimum. Till now this theory has received, in my opinion, insufficient attention in the economics literature.
In the limited space available I intend to present, first, a general theory of a capitalistic optimum and a model illustrating its essential features, and, secondly, the empirical justification of this model, and its principal applications; for it is not a good theory if there is no verification of its results and hypotheses by facts, and if no fruitful application can be derived.
Essentially, I intend to show that we cannot expect, from an indefinite increase of available real capital, an indefinite increase of real national income consumed per capita, and that there is an optimum amount of capital for which real income per capita is a maximum.
Curiously enough, for a century now very few works have really been concerned with the influence of capital on real income, either on empirical or theoretical grounds, although such research is of the greatest importance from both the theoretical and practical points of view. At the empirical level, most research gives the idea that real national income can be increased indefinitely by using more and more capital. At the theoretical level, many works suggest the same conclusion, and though the idea of a capitalistic optimum for a zero rate of interest was positively stated by Wicksell as early as 1901, it was not until Meade's Economic Analysis and Policy appeared in 1937 that a more systematic, though literary statement was given. For my part, I have met in this area two sorts of economists. For the first, the existence of a capitalistic optimum for a zero rate of interest is considered as a completely mistaken proposition; for the second, it appears as a commonplace truth, a sort of truism, that does not deserve any serious attention at all.
GENERAL THEORY OF THE CAPITALISTIC OPTIMUM
1.1. In this section, I intend to show, at least briefly, that in fact there is a situation of a capitalistic optimum, and that such a situation is characterized, utnder stationary conditions, by a rate of interest equal to zero, and, in a dynamic evoluttion, in which the index of labour and natural wealth increases exponentially at a rate e, by a rate of interest equal to e.
A. General Produiction Process

Definitions. I define the input and output vectors of the production processes considered as follows:
Q. is a representative vector of the production per unit of time of consumption goods.
outputs ~ E. is a representative vector of the production per unit of 
Hypotheses. The production process is assumed to satisfy four hypotheses (ai)-(a4).
HYPOTHEsIS ai: Pareto optimality over time. We consider a production process, P, over time, and we suppose that between two extreme situations, corresponding to any two instants, a Pareto optimum is realized in the sense that no production could be increased at any intermediate time without production being diminished at another time. (1.6) IXn < E implies IQn + Enl <e' where s' depends only on E and tends to zero with e. This says that the production of consumption and equipment goods is assumed to tend to zero when the vector of primary services of labour and natural resources tends to zero. C. Characteristic Functions 1.6. I now define the concept of the characteristic function, which to my knowledge was presented for the first time by Jevons in 1871, in connection with a particular model. Here is the simplest way to conceive of the characteristic curve of a production process, the curve which is represented in Figure 1 . Let us suppose that we pay wages for the construction of a blast furnace. This blast furnace will produce cast iron, which will be used to produce steel. The steel will be sent to manufacturing industries, and finally automobiles can be made out of it; and these automobiles the consumers can buy for their personal use. The expenditure on wages for the construction of the blast furnace will finally become part of the sales price of the automobiles. It will therefore appear in the national income after a certain delay.
We see then that the national income consumed at a certain time includes expenditures on wages made at an earlier time, and we can construct a curve, at least at the theoretical level, that gives the distance in time of the various Derivations of these relations are based essentially on the fact that the distribution of primary inputs must maximize consumed income, in labor terms, under the constraint of the production function. I do not reproduce the derivations here.
The main results are as follows: I must first point out the very simple expression for consumed real income given by equation (2.12) in terms of the rates i and Q. Relation (2.14) verifies that this real income actually reaches a maximum when the interest rate i is equal to the rate of growth e of primary income. It is also interesting to note that for a constant value of e the maximum consumed real income that can be reached at any time is represented by the relation (2.14*) which is a decreasing function of the expansion rate Q, so that the most advantageous stationary process is better than any process of advantageous growth. All these results are of course independent of the particular form of the function ,B, which makes them quite general. In this case, it is also noteworthy that real national income, given by relation (2.23), reaches a maximum when the interest rate is equal to zero (relation (2.24**)), but it is possible to show that this property is not true when the function 3 has not the exponential form.
Exponential Model. Consequences of Hypotheses (a), (b) and (c). Below I indicate the form that is taken by the preceding relations of the general model, when the function 3 decreases exponentially according to
Finally, let me point out the very remarkable character of relation (2.19), according to which the capital value is independent of the rate of interest and equal to the product of the primary income R,, by the constant 00. As we shall see, this quite surprising result can be empirically verified. In Table I estimates are given for the U.S. for various (full employment) years and periods from 1880 to 1956 and in Table II 
C. Generalisation of the Model
EMPIRICAL JUSTIFICATION OF THE MODEL
The proposed model is empirically justified with respect to both its hypotheses and its results.
A. Justsfication of the Model with Res.pect to Its Hypotheses 3.1. General Model. The hypotheses (a,) to (a4) with respect to the structure of the capitalistic process are rather weak, except for the assumption of homogeneity of order k, but this last characteristic, as I have already pointed out, appears plausible, at least for k equal one.20 Hypothesis (b) simply amounts to assuming that it is possible to define production elasticities with regard to primary inputs, and that these elasticities may be considered to vary little in a large region in the vicinity of the process under consideration at a given time and to be fairly constant through time. Both these points appear justified by the results of all previous research in which no variation of the elasticities was assumed, and by the fact that technical progress in itself does not appear to have any systematic influence upon the production elasticities.
3.2. Exponential Model. Finally, the hypothesis (c) of exponential decrease of the production elasticities, on which the exponential model is based, appears as rather natural, everything considered. In fact the difficulty of using roundabout processes may be considered as marginally increasing with time in an exponential way. 
B. Justification of the Model with Respect to Its Consequences
General Model. Consequences of its Hypotheses (a) and (b). Without going into the details of the discussion
APPLICATIONS OF THE MODEL
The results I have just stated allow some rather suggestive applications, which are summarized in this section. The influence of these other factors produces the result that, for the same value of the capital-output ratio, equipment per worker was about 2.4 times higher in the United States than in France, a number exactly equal to the ratio of average productivities. Thus we see that the generally admitted explanation amounts to considering as a cause a difference in real capital per worker that is in fact no more than an effect.
Possibility of increasing real national income by increasing capital intensity. On the basis of relation (2.22) and estimating k 1, the relative gain of real consumed income likely to be obtained by realizing the capitalistic optimum is
The development of underdeveloped countries. A final suggestive
application of the present theory may be made to the case of the so-called underdeveloped countries.
If we accept the hypothesis that the preceding theory is valid, at least as a first approximation, Table III shows in per cent the gain g in real income that could be obtained by increasing the capital-output ratio from the recorded value 0 to the optimum value 9o (relation 4.1), which we can suppose to be equal to 4. We probably have & > 2 for underdeveloped countries.
Then we see that, starting for instance from a situation with a capitaloutput ratio as low as 2, which corresponds to a difference i -e of about 25%, the gain in real income likely to be obtained by attaining the capitalistic optimum is only about 36%. The possible gain is much lower than is usually thought. Consequently, the explanation of enormous differences in productivity recorded between the Occident and the underdeveloped countries is likely to be found much less in the possible smallness of the capital-output ratio than in differences in natural resources available per inhabitant, differences in the level of technical education, and differences in the management of the economy in general. From this we can conclude that it would not be sufficient to use American type equipment in the so-called underdeveloped countries, if one did not at the same time improve the other factors of production, the productivity of which is so much smaller in those countries than in the Occident.
STATISTICAL DATA
In this section we comment further on Tables I and II presented 1880-1900, 1906-1913, 1923-1937, and 1950-1956 , as given in Table I As far as I can judge, the recorded dispersion of the observed values of y' may be explained mainly by the lack of precision of the data and the differences in calculating methods that are used. In favour of this conclusion, we notice that economically the situation in the United States corresponds to an extreme case. That the corresponding value of y' is close to the median value of the coefficients y' of various countries leads one to conclude that essentially the variation of the y' has a purely statistical origin. 
